Abstract. A (−n)-curve is a smooth rational curve of self-intersection −n, where n is a positive integer. In 1998 Hirschowitz asked whether a smooth rational surface X defined over the field of complex numbers, having an anticanonical divisor not nef and of self-intersection zero, has (−2)-curves. In this paper we prove that for such a surface X, the set of (−1)-curves on X is finite but non-empty, and that X may have no (−2)-curves. Related facts are also considered.
Introduction
Let X be a smooth rational surface defined over the field of complex numbers such that the self-intersection of its canonical divisor −K X is equal to zero. When −K X is nef (i.e., for every effective divisor C on X, the intersection number of −K X with C is greater than or equal to zero), X is a blowing-up of the complex projective plane at nine points, possibly infinitely near.
According to the position of these nine points, in some special cases, many authors were interested in establishing whether the set of (−1)-curves on X is finite or not. Thus, Masayoshi Nagata [7] showed that there are infinitely many (−1)-curves, provided that the nine points are in general position. Jeffrey Rosoff [5] treated some cases related to the finite generation of the monoid of effective divisor classes in the Néron-Severi group of the surface. Ulf Persson and Rick Miranda [6] gave a necessary and sufficient condition for the set of (−1)-curves on X to be finite when X has a Jacobian elliptic structure. By means of (−2)-curves, a complete answer was given in [4] , where necessary and sufficient conditions for the set of (−1)-curves on X to be finite are given. In particular, it is shown that if the set of (−1)-curves on X is finite, then the set of (−2)-curves on X is non-empty. In 1998 André Hirschowitz asked whether the latter still holds in the case where −K X is not nef. The aim of this paper is to answer this question in the negative. To this end, we give an explicit construction of a smooth rational surface X defined over the field of complex numbers with −K X not nef and no (−2)-curves, and apply the following theorem. Theorem 1.1. Let X be a smooth rational surface defined over the field of complex numbers such that the following two conditions hold:
Then the set of (−1)-curves on X is finite and non-empty.
The proof of the theorem is postponed to the last section, and we begin with the explicit construction of the desired surface in Section 2.
Surfaces with (−2)-curves are well known to be easily constructed, but it is less obvious whether they contain finitely many (−1)-curves. In the third section, we exploit the theorem in this other direction, and use it to construct smooth rational surfaces with finitely many (−1)-curves and having some (−2)-curves.
Since for any anticanonical rational surface having a Picard number greater than or equal to three, its cone of curves is determined by the reduced irreducible curves of negative self-intersection, the following result holds: Corollary 1.2. Let X be as in the above theorem. The cone of curves of X is polyhedral.
We fix once and for all a smooth rational surface X over the field of complex numbers, satisfying the two conditions in the theorem. The standard notions, notation and results come from [1] , [2] and [3] .
2.
A surface with finitely many (−1)-curves and no (−2)-curves
Here we give an example of a smooth rational surface X with K 2 X = 0, having a finite number of (−1)-curves, and no (−2)-curves at all. In fact, in this example, X has no irreducible curve orthogonal to K X .
The explicit construction goes as follows: Blow-up a point P 1 of the projective plane, take the second point P 2 on the exceptional divisor E 1 of the blowing-up morphism, then blow-up P 2 and let P 3 be the unique intersection point of the strict transform E 2 1 of E 1 and the exceptional divisor E 2 of the blowing-up of the point P 2 . The fourth point P 4 will be the unique point of the intersection of the strict transform E 3 2 of E 2 and the exceptional divisor E 3 of the blowing-up of the point P 3 . The fifth point P 5 is on the intersection of the strict transform E 4 3 of E 3 and the exceptional divisor E 4 of the blowing-up of the point P 4 . The sixth point P 6 is the unique point of the intersection of the exceptional divisor E 5 of the blowingup of the point P 5 and the strict transform E 5 4 of E 4 . The seventh point P 7 is the unique intersection point of the exceptional divisor E 6 of the blowing-up of the point P 6 and the strict transform E 6 5 of E 5 . The eighth point P 8 is the unique point intersection of the exceptional divisor E 7 of the blowing-up of the point P 7 and the strict transform E 7 6 of E 6 . Finally, the ninth point P 9 is the unique intersection point of the strict transform E Let X be the surface obtained by blowing-up these nine points. A straightforward calculation shows that X has no irreducible curve orthogonal to a canonical divisor of X. In particular, there are no (−2)-curves on X. To complete the construction, and thus answer Hirschowitz's question in the negative, nothing remains but to prove that X has finitely many (−1)-curves. To this end, recall that if Z is the projective plane blown-up at n points, then K 2 Z = 9 − n. Thus, K 2 X = 0. Since for example the proper transform E 9 1 of E 3 1 is a (−3)-curve on X, it follows that −K X is not nef. Now the theorem applies to show that the set of (−1)-curves on X is finite and non-empty.
Remark 2.1. In this example, the cone of curves of X is polyhedral and generated only by the fixed components of −K X and the (−1)-curves.
Some examples
In this section we give some examples of rational surfaces satisfying the conditions of the theorem and having only a finite number of (−1)-curves and (−2)-curves as well.
Example 3.1. Blow-up a point P 1 of the projective plane, take the second point P 2 on the exceptional divisor E 1 of the blowing-up morphism. Let P 3 be a general point of the exceptional divisor E 2 of the blowing-up of the point P 2 , and so on until the ninth point P 9 which will be the unique intersection point of the exceptional divisor of the blowing-up of the point P 8 and the strict transform of the exceptional divisor E 7 associated to the seventh point P 7 . The surface X obtained by blowing up these nine points satisfies the conditions of the theorem; indeed, −K X is not nef since the strict transform of the divisor E 7 is a (−3)-curve, and the other condition K 2 X = 0 is obvious. Hence by applying the theorem, X has a finite number of (−1)-curves. X has also some (−2)-curves, e.g. the strict transform of the exceptional divisor E 1 .
Example 3.2.
Consider the surface X obtained by blowing up the projective plane at nine points of a line L. Then the strict transform of L is a (−8)-curve, and it follows that −K X is not nef. In this special case, one can see that the cone of curves of X is finitely generated by the classes of the exceptional divisors associated to the points in consideration and the strict transform of L. One may take more than nine points on a line in the projective plane and obtain a surface such that the self-intersection of its canonical divisor is strictly negative and having a cone of curves finitely generated by the exceptional divisors associated to the points in consideration and the strict transform of the line. In particular, on these surfaces there are no (−2)-curves. These examples and many others were constructed by the author after submitting the manuscript containing the example of Section 2.
Proof of the theorem
Recall that X is a smooth rational surface over the field of complex numbers, having a vanishing self-intersection of its canonical divisor.
We will prove that if X has a (−n)-curve, n ≥ 3, then the number of (−1)-curves on X is finite. To this end, it is sufficient to consider the following two cases:
(1) X is a blowing-up at 8 points, possibly infinitely near, of F e , where F e = P P 1 (O P 1 ⊕O P 1 (e)) is the Hirzebruch surface associated to the natural integer e, e ≥ 3; (2) X is a blowing-up at nine points, possibly infinitely near, of the projective plane P 2 . Let F e be the Hirzebruch surface associated to the natural number e, e ≥ 3. It is well known that F e has a section S 1 linearly equivalent to S 0 + eF , where S 0 (resp. F ) is the section of self-intersection −e (resp. a fibre) of F e (see e.g. [1] , or [3, Theorem 2.17, p. 379]). The group of Néron-Severi of F e has a basis (S 1 , F ) defined by:
• S 1 is the class of the section S 1 in NS(F e );
• F is the class of a fibre F of F e in NS(F e ). Now let X be the surface obtained by blowing-up at 8 points of the Hirzebruch surface F e , e ≥ 3. The group of Néron-Severi N S(X) of X (see e.g. [1] , or [3, proposition 3.2, p. 386] has a basis ((S 1 , F ); −E 1 , . . . , −E 8 ) defined by:
• S 1 is the class of the total transform of the section S 1 in X;
• F is the class of the total transform of F in X;
• E i is the class of the exceptional divisor corresponding to the i th blow-up point, i = 1, . . . , 8.
The intersection form on N S(X) (see [3, proposition 3.2, p. 386]) is determined by:
• S Proof. Let E be a (−1)-curve on X. Then the group of Néron-Severi N S(X) of X has a basis ( (S 1 , F ) ; −E 1 , . . . , −E 8 ) (see the notation above). With respect to this basis, the class E of E in N S(X) is given by the 10-tuplet ((d, d ); α 1 , . . . , α 8 ) (i.e., E = dS 1 
. . = S 0 .E 8 = 0 and S 0 .F = 1, where S 0 is the class of the total transform of S 0 ). The same thing holds for d ≥ 0 (F is nef). Since K X = ((−2, e − 2); −1, . . . , −1), the following equalities hold:
Now set
and deduce by the preceding that:
or, equivalently,
Hence (d − 1) 2 ≤ 8d + 8, which implies that d ≤ 10, and since
it follows that d ≤ 5.
4.2.
Case of a blowing-up of the projective plane. Let X be a surface obtained by a blowing-up at 9 points, possibly infinitely near, of the complex projective plane P 2 . The Néron-Severi group N S(X) of X has a basis (E 0 , −E 1 , . . . , −E 9 ) defined by:
• E 0 is the class of a line of P 
